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The interplay between steering and quantum coherence is studied in a scenario, where two atoms move
through an external massless scalar field. We show that just like entanglement, the steering induced coherence
of the equilibrium state may increase or decrease with acceleration depending on the initial condition of the
state. We also investigate the condition for coherence steerability - as opposed to simple state steerability.
Interestingly, we find that the quantum coherence of the equilibrium state cannot be steered, even when the
steering induced coherence is non-zero. We argue that under any condition, gravity prohibits the coherence
steering of the equilibrium state.
I. INTRODUCTION
Reconciling quantum mechanics with general relativity has
been one of the mysteries yet to be completely solved by twen-
tieth and early twenty first century theoretical physicists. Var-
ious theoretical efforts have been put forwarded to bridge this
gap and several predictions have been made based on such
theories. One such prediction is the so-called ’Unruh effect’
[1][2] - which essentially tells us that an uniformly acceler-
ated atom in an external vacuum field observes the field as a
thermal bath with respect to its reference frame. The tem-
perature of this bath is called the ’Unruh temperature’ and
is shown to be directly proportional to the proper accelera-
tion of the atom. Since its original formulation for interaction
with external massless scalar fields, the same effect is the-
oretically confirmed for much more general interactions [3].
As the acceleration required for meaningful spontaneous ex-
citation probability is quite high, experimentally it was not
immediately confirmed. However, experimental proposals are
[4][5] already being made. The thermalisation theorem in this
context [6] means, we can look at the atom accelerating uni-
formly in external field as if it is immersed in an open system
and the dynamics of the atom can be studied using the master
equation approach.
Study of this open system dynamics has indicated [7] that
even if two accelerating atoms immersed in an external scalar
field are initially in a separable state - the final equilibrium
state of the atoms obtained by tracing over the field degrees
of freedom can be entangled, in general. It has also been ob-
served [8] that if the atoms are assumed to be at a finite separa-
tion, then there exists a finite fixed temperature (defined in the
same way as the Unruh temperature for single atoms) below
which entanglement is generated immediately after the begin-
ning of motion. This reduces to the case of vanishing sepa-
ration discussed in [7] with asymptotically non-vanishing en-
tanglement for the equilibrium state of two atoms. It has been
proved that the existence of a boundary [9] does not change
the final entanglement of the equilibrium state in this case.
The concept of state steering, that is, manipulating the state
∗ debamondal@hri.res.in
† chiranjibmukhopadhyay@hri.res.in
of a part of the system by performing measurements on other
entangled part of the system was initially put forwarded by
Schro¨dinger. There has been a major revival of the notion
lately [10][11]. It has been proved that state steerability is
a stronger condition than the condition of the parties sharing
entanglement but a weaker one than the Bell non-locality [10].
Since the early days of development of quantum optics and
quantum information, coherence was seen as an essentially
quantum phenomenon with classicality emerging from lack
of coherence [12]. Very recently, Ref. [13] attempted to
quantify quantum coherence for arbitrary quantum states.
The conditions necessary for a coherence measure are
laid down in [13]. It has been shown that the l1 norm of
coherence Cl1 =
∑
i,j,i 6=j
|ρij |, relative entropy of coherence
Cr = S(ρ) − S(ρd) [13] satisfy all these conditions and
thus can be termed as coherence measures. Again, the
quantum part of the uncertainty [14] or Wigner Yanase
Skew Information has also been shown as an observable
measure of quantum coherence [15] or asymmetry [16–20].
Trace distance also satisfies these conditions for a coherence
measure in the qubit case and for some specified qutrit states
[21]. A recent research direction has been to study the
interplay between quantum coherence and other resources
traditionally employed in quantum information theory. The
conversion between coherence and entanglement [22], setting
up an operational resource theory of coherence [23], role of
coherence or asymmetry in setting the quantum speed limit
[24] in the same way as that of entanglement [25–27] has
been achieved.
In this paper, we investigate the connection between
quantum coherence and steering for two accelerating atoms in
an external massless scalar field. Since steering is a stronger
condition than entanglement, we expect the condition to
steer the actual coherence of a system to be stricter than
the condition for usual state steering. Using the criteria
for the coherence steerability laid down earlier in [28], we
have shown that in this scenario, although the equilibrium
state is in general entangled as proved in [7], its coherence
is not steerable under any initial condition. Thus, from
equivalence principle, we can argue that gravity forbids such
kind of non-locality. However, coherence induced due to
state steering is a different concept [31] and in this paper we
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2show it to be non-zero and depends on the initial state of the
system and the acceleration between atoms. For a family of
initial conditions, we show that it is possible to have a finite
acceleration, for which steering induced coherence is exactly
zero - a phenomenon we term as Steering Nodes. We also
have shown that for certain different initial conditions, the
steering induced coherence for large acceleration and large
times (equilibrium) asymptotically approach each other. We
have also investigated the effects of boundary and finite initial
separation between the atoms on steering induced coherence.
The organization of our paper is as follows. In section II.,
we describe the dynamics of our model, first with vanishing
separation between the atoms and then with the atoms placed
beside an infinitely long boundary at a finite distance z and a
finite separation between the atoms L. Sections III. and IV.
are dedicated to the study of steering induced coherence and
coherence steerability of the equilibrium state of the atoms.
We conclude in section V.
II. TWO ACCELERATED ATOMS IN WEAK EXTERNAL
SCALAR FIELD
There exists a manifestly covariant Schwinger-Tomonaga
approach [32] towards quantum evolution for relativistic situ-
ations. But it is much complicated for our purpose. Therefore,
we choose a reference frame co-moving with the system of
two two-level atoms as our frame of choice. Although we sac-
rifice manifest covariance, simplifications and analytical ease
make up for it. In any case - if environmental correlations do
not drop off significantly fast, use of a manifestly covariant
formulation is limited [33][32]. In the inertial frame, the two
atom system as a whole follows a hyperbolic trajectory with
the parameters being proper time t and proper acceleration a.
We assume that the atoms do not mutually interact and in-
teract only weakly with the external scalar field. Then the
Hamiltonian due to individual atoms is given by
Hatom = H
(1)
s +H
(2)
s =
1
2
ω
3∑
i=1
~n.~σ ⊗ I+ 1
2
ω
3∑
i=1
I⊗ ~n.~σ,
(1)
where σi is the well known ith Pauli Matrix. Please note that
natural units have been used throughout.
The contribution due to interaction of atoms with scalar
field is also sum of individual atom-field interactions. If the
field operators Φµ satisfy the Klein Gordon equation, this is
given by
Hatom−field =
3∑
µ=0
(σµ ⊗ σ0 + σ0 ⊗ σµ)Φµ(x(t)). (2)
The Field Hamiltonian will be written in terms of creation and
annihilation operators, but this is not of much importance to us
since we shall be integrating out the field degrees of freedom.
We shall assume initially the two-atom system is initially in
the factorized state ρ(0) ⊗ |0〉〈0| and write down the appro-
priate master equation which describes the dynamics of the
density matrix of the two qubit system ρ(t) by tracing out the
field degrees of freedom [30] from the well known Von Neu-
mann equation for closed quantum system evolution. this was
given [34] as
∂ρ
∂t
= −i [Heff , ρ(t)] + L [ρ(t)] . (3)
We shall assume for simplicity that the field correlation terms
are diagonal. In this case the Effective Hamiltonian has three
parts :
Heff = H1 +H2 +H12. (4)
The first two terms correspond to (1) with the frequency ω be-
ing replaced by the renormalized frequency (say Ω) and the
third term is a field-generated two atom coupling term [7].
However, at this point, let us note that this effective Hamilto-
nian does not involve the acceleration of the system. Since we
are interested in seeing the effect of acceleration on steering
induced coherence and coherence steerability - we will dis-
regard this term and will concentrate instead on the Lindblad
term, which is given by [35]
L [ρ] =
3∑
i,j=1
aij
(
[(σj ⊗ σ0)ρ(σi ⊗ σ0)− 1
2
{(σiσj ⊗ σ0), ρ}]
+ [(σ0 ⊗ σj)ρ(σ0 ⊗ σi)− 1
2
{(σ0 ⊗ σiσj), ρ}]
+ [(σj ⊗ σ0)ρ(σ0 ⊗ σi)− 1
2
{(σi ⊗ σj), ρ}]
+ [(σ0 ⊗ σj)ρ(σi ⊗ σ0)− 1
2
{(σj ⊗ σi), ρ}]
)
, (5)
where aij are elements of the Kossakowski matrix [34] such
that
aij = Aδij − iBijknk + Cninj . (6)
Here, A, B and C are given respectively by
A =
ω
4pi
[
1 + e−βUω
1− e−βUω
]
, (7)
B =
ω
4pi
(8)
and
C =
ω
4pi
[
2
βUω
− 1 + e
−βUω
1− e−βUω
]
, (9)
where the Unruh temperature is given by TU = 1βU =
a
2pi .
Now if we assume the direction of ~n along (0,0,1) - the con-
tribution due to the C term in the Kossakowski matrix can be
shown to vanish. We shall assume this in the rest of the paper
unless stated otherwise. The time dependent two atom state
can now be written down in the following generic form -
ρ(t) =
1
4
[σ0 ⊗ σ0 +
3∑
i=1
ρ0i(t)σ0 ⊗ σi +
3∑
i=1
ρi0(t)σi ⊗ σ0 +
3∑
i=1
3∑
j=1
ρij(t)σi ⊗ σj ]. (10)
3These time dependent coefficients can be shown to satisfy the
following family of differential equations
∂ρi0(t)
∂t
= −4Aρi0(t)− 2B(2 + τ)ni + 2B
3∑
k=1
nkρki
∂ρ0i(t)
∂t
= −4Aρ0i(t)− 2B(2 + τ)ni + 2B
3∑
k=1
nkρik
∂ρij(t)
∂t
= −4A [2ρij(t) + ρji(t)− τδij ] + 4B[niρoj(t)
+ njρi0(t)] + 2B [niρj0(t) + njρ0i(t)]
− 2Bδij
3∑
k=1
nk [ρk0(t) + ρ0k(t)] . (11)
Finally solving these set of differential equations for equilib-
rium (i.e. large time t → ∞), elements of the equilibrium
density matrix ρ can be expressed as [7][9]
ρ0i = ρi0 = −R(τ + 3)ni
3 +R2
and
ρij =
(τ −R2)δij +R2(τ + 3)ninj
3 +R2
, (12)
where τ = Σiρii(0) is the parameter corresponding to the
choice of initial state and R = BA is the ratio of two constants
in the Kossakowski matrix given above in (7) and (8). From
the positivity of the Kossakowski matrix - the constraint on
R is 0 6 R 6 1 and from the positivity of the initial density
matrix, the constraint on τ is −3 6 τ 6 1 .
Now we can finally explicitly write down the coefficients of
10 as
ρ01 = ρ10 = ρ02 = ρ20 = 0
ρ03 = ρ30 = −R(τ + 3)
3 +R2
ρ12 = ρ21 = ρ13 = ρ31 = ρ23 = ρ32 = 0 (13)
ρ11 = ρ22 =
τ −R2
3 +R2
ρ33 =
τ(1 +R2) + 2R2
3 +R2
.
It was proven [7] that this equilibrium state is in general
entangled.
Effect of Boundary and Finite Separation
Let us assume a boundary at distance z from atoms where
the field is constrained to vanish. Let us also assume the atoms
are at a finite separation L. This system has been solved using
method of images [9] and the analogues to Kossakowski ma-
trix elements A,B,C as earlier written in (7), (8), (9) are the
following -
A1 =
ω
4pi
1 + e−βUω
1− e−βUω
[
1− sin(2zω)
2zω
]
A2 =
ω
4pi
1 + e−βUω
1− e−βUω
[
sin(Lω)
Lω
− sin(
√
L2 + 4z2ω)√
L2 + 4z2ω
]
B1 =
ω
4pi
[
1− sin(2zω)
2zω
]
B2 =
ω
4pi
[
sin(Lω)
Lω
− sin(
√
L2 + 4z2ω)√
L2 + 4z2ω
]
(14)
C1 =
ω
4pi
1 + e−βUω
1− e−βUω
[
sin(2zω)
2zω
− 1
]
C2 =
ω
4pi
1 + e−βUω
1− e−βUω
[
− sin(Lω)
Lω
+
sin(
√
L2 + 4z2ω)√
L2 + 4z2ω
]
Now proceeding exactly the same way as before, the coef-
ficients of the two qubit generic density matrix (10) for equi-
librium can be written down [9]. These are
τ =
(2A1 +A2)B1(B1 −B2)
2A31 −A21A2 −A2B1B2 +A1(B22 −A22)
ρ0i = ρi0 = − (A1 −A2)B1(2A1 +A2)ni
2A31 −A21A2 −A2B1B2 +A1(B22 −A22)
ρij =
(A1 −A2)B1(2B1 +B2)ninj
2A31 −A21A2 −A2B1B2 +A1(B22 −A22)
(15)
One interesting thing to note here is, τ =
3∑
i=1
ρiiis no longer
a constant of motion. Hence we can no longer use this as a
parameter for the initial conditions. In the vanishing limit of
z, we get A1 = A2, B1 = B2, C1 = C2 and the two qubit
parameters expressed in (15) takes 00 form. In this case, by
taking proper limit, τ can be shown to be a constant of motion
and the expressions for two qubit parameters reduce to those
expressed in (13).
III. STUDY OF STEERING INDUCED COHERENCE
We consider the canonical quantum steering situation -
where Alice and Bob initially share a state and Alice steers
Bob’s state into a new state by performing local projective
measurements on her system. In the present scenario, we con-
sider Alice (A) and Bob (B) to be the observers on the co-
moving frames of two atoms as stated above respectively.
Let Alice and Bob share the state ρAB = ρ(t) (10) and let
the eigenbasis of Bob’s reduced state ρB = trA(ρAB) be the
basis with respect to which coherence is calculated via differ-
ent coherent measures introduced in [13] .
Clearly Bob’s reduced state is initially an incoherent state in
this basis, but subsequent local projective measurements per-
formed by Alice may change this state into a state with non-
zero coherence in this basis. We now define the steering-
induced coherence C¯ as the maximal average coherence for
4Bob’s new steered state which has been created by Alice per-
forming local selective projective measurements on her part of
the system. In the following, we use the l1 norm measure of
coherence to calculate this steering-induced coherence , which
we shall term C¯l1 .
At this point, we define measurement-induced disturbance
(MID) which was introduced in [31] to characterize quantum
correlations -
Definition. For a bipartite state ρAB and local projective
measurement ΛEA(Λ
E
B) acting on system A(B) in EA(EB) ba-
sis with the constraint that the reduced density matrix ρA(ρB)
remains unchanged due to that measurement - measurement
induced disturbance is defined as -
Q(ρAB) = infEA,EBD[ρAB ,Λ
E
A ⊗ ΛEB(ρAB)], (16)
where D[.,.] is a distance measure of our choice.
We now define a related definition of one-sided measure-
ment induced disturbance.
Definition. For a bipartite state ρAB and local projective
measurement ΛEB acting on system B in EB basis with the con-
straint that the reduced density matrix ρB remains unchanged
due to that measurement - B-sided measurement induced dis-
turbance is defined as -
QB(ρAB) = infEB D[ρAB , I⊗ Λ
E
B(ρAB)], (17)
where D[.,.] is a distance measure of our choice.
It can be easily seen that this quantity is positive in general
but vanishes for B-side classical states. It can be shown not to
have any coherence interpretation unlike the two sided MID
introduced earlier [36].
Now let us formally define Steering-Induced Coherence
as[36]
Definition. For a bipartite quantum state ρ , a local pro-
jective measurement ξAi =
∣∣ξAi 〉〈ξAi ∣∣ by Alice can steer
Bob’s state to ρξiB =
〈ξAi |ρ|ξAi 〉
pξi
, where the probability pξi =
Tr
[
ρ
(
ξAi ⊗ I
)]
. Let EB = {|eBj 〉} be the eigenbasis of Bob’s
reduced state ρB . The steering-induced coherence is the max-
imum average coherence of Bobs steered states on the refer-
ence basis EB
C¯(ρ) = inf
EB
[
max
ΞA
∑
i
piC(ρ
ξi
B ,EB)
]
, (18)
where the maximization is taken over all of Alices projective
measurement basis ΞA And the infimum is taken when the
eigenbasis of ρB i.e. EB is not unique.
Here C(ρ,Ξ) is defined as C(ρ,Ξ) = D(ρ,ΛΞ(ρ)) where
we can take any distance measure D as we like.
Now, if the distance measure in (17) QtB(ρ) is the well
known trace norm and the steering induced coherence is writ-
ten in terms of the l1-norm as C¯l1 , then for a two qubit system
like the one described above, the following theorem can be
shown to hold [36]
FIG. 1. Steering Induced Coherence for Different Initial Conditions
Theorem III.1. For a two qubit state ρ,
C¯l1(ρ) = QtB(ρ)
Now, if we calculate the time-dependent density matrix ac-
cording to the results (10), (13) and trace out the first system
(Alice) - it can be shown that Bob’s reduced density matrix
is already diagonal in the computational basis. So, no further
extremization is required to compute the B-sided MID vide
17.
Graphically, the dependence of steering induced coherence
on acceleration for different initial conditions based on differ-
ent values of τ is depicted in Fig.1.
The following properties can be observed-
• For every initial condition pair {τ,−τ}within the range
of τ , the steering induced coherence for large accelera-
tion approaches each other asymptotically and becomes
a non-zero constant for each of them.
• For τ ∈ (0, 1), the steering induced coherence be-
comes zero for some finite acceleration but then again
increases with increasing acceleration. We termed these
points as Steering Nodes - the implication being, for
these values of acceleration - it is not possible to induce
coherence by state steering process. A simple calcula-
tion shows that these Steering Nodes are obtained when
τ = R2.
• For τ ∈ (−3, 0) the steering induced coherence is a
monotonically decreasing function of proper accelera-
tion a. However, for τ ∈ (0, 1) , for acceleration greater
than that corresponding to the Steering Node, the steer-
ing induced coherence is a bounded monotonically in-
creasing function of proper acceleration a.
• The steering induced coherence of the equilibrium state
increases linearly with the modulus of the initial condi-
tion parameter τ as shown in Fig. 2.
5FIG. 2. Steering induced coherence for different values of acceler-
ation is plotted with initial condition parameter τ . We observe that
C is a monotonically decreasing function of a for τ ∈ [−3, 0) but it
can increase for the range of τ ∈ (0, 1]
Effect of Boundary and Finite Separation
From (15) , it can be easily seen that if we choose ~n =
(0, 0, 1) then the equilibrium density matrix is diagonal for
any finite separation or finite distance from boundary and the
steering induced coherence vanishes.
This is in line with the results in [9] that for finite sepa-
ration, entanglement between two atoms does not persist for
long time.
IV. INVESTIGATION OF COHERENCE STEERABILITY
A bipartite state is said to be steerable if and only if it
does not have single system description. Such states cannot
be explained by local hidden state model. Several steering
inequalities have been derived using uncertainty relations, en-
tropic uncertainty relations and fine grained uncertainty rela-
tions [37–40]. Recently, the criteria for coherence steerability
for bipartite two-qubit systems were given in [28] for differ-
ent coherence measures. Intuitively, for quantum systems, it
may seem that controlling the state of a system is equivalent
to controlling the coherence of the system. But it was shown
that for mixed states, steerability captured by different steer-
ing criteria [38–40] based on uncertainty relations are dras-
tically different from the steerability captured by coherence
property of the state [28]. It was mentioned in [28] that the
coherence steering inequalities are the signatures of the exis-
tence of single system description of a quantum property like
coherence of a state. Here, we assume that Alice and Bob are
two observers in the co-moving frames of two atoms as de-
scribed in the previous section and share the general two qubit
state ρAB = ρ(t)(10). In the following, we consider only the
coherence steerability criteria with l1 norm as the measure of
quantum coherence and show that the quantum coherence of
the equilibrium state (10) is unsteerable for any value of the
acceleration (a), i.e., the state has a single system description
of coherence although it has a non-zero value of steering in-
FIG. 3. LHS of (22) is plotted with R and τ and shown never
to exceed
√
6 - so the condition for coherence steerability is never
satisfied
duced coherence.
We consider that Alice makes measurement in σz basis and
obtains binary outcome a (zero or one). Bob asks Alice her
measurement results and measures coherence either in x or y
basis on his conditional state. The Coherence of Bob’s condi-
tional state in either of these bases is given by [28]
Cl1x(y)
(
ρB|σaz
)
=
√
α22(1)3 + α
2
33
1 + ρ30
, (19)
where αij = ρoi + ρji.
Similarly, Cl1y(z)
(
ρB|σax
)
=
√
α2
3(2)1
+α211
1+ρ10
and
Cl1x(z)
(
ρB|σay
)
=
√
α2
3(1)2
+α222
1+ρ20
can be defined for initial
measurement of Alice on σx and σy bases respectively.
Now the coherence steerability condition can be written as
[28]
Cl1x
(
ρB|σa
y(z)
)
+ Cl1y
(
ρB|σa
z(x)
)
+ Cl1z)
(
ρB|σa
x(y)
)
>
√
6.
(20)
Now we use the already obtained form of the equilibrium
state (13) to get the α-matrix as
α =

τ−R2
3+R2 0 0
0 τ−R
2
3+R2 0
−R(τ+3)3+R2 −R(τ+3)3+R2 R
2(τ+2)−R(τ+3)+τ
3+R2
 . (21)
Finally, we arrive at the condition for coherence steerability
by using (20) as
f(τ,R) =
2(τ −R2)
3 +R2
+
[R2(τ + 2)−R(τ + 3) + τ ]
R2 −R(τ + 3) + 3 >
√
6.
(22)
It can be seen from Fig 3 that this condition is never ful-
filled for allowed values of τ and R. Therefore, although the
6equilibrium state is entangled in general, it’s coherence can
never be steered for any initial state. From equivalence princi-
ple, we can thus conclude that gravity also prohibits such kind
of non-locality.
Effect of Boundary and Finite Separation
In this case the α-matrix as expressed earlier in (21) is now
written as
α =
 0 0 00 0 0
x1 x2 x3
 (23)
Where x1 = x2 = − (A1−A2)B1(2A1+A2)2A31−A21A2−A2B1B2+A1(B22−A22) and
x3 =
(A1−A2)B1(2B1+B2−2A1−A2)
2A31−A21A2−A2B1B2+A1(B22−A22) .
Now using the condition for coherence steerability given in
[28], we get the analogue of (22) as,
x3
1 + x1
>
√
6 (24)
A simple numerical search over large range of values of ac-
celeration, separation L and distance from boundary z shows
this condition is nowhere satisfied. Therefore, the coherence
is not steerable in this case also. This is true even if the ini-
tial state is fully entangled. Thus, we conclude that the frame
dependent interaction between the atom and the vacuum field
can create or destroy steering induced coherence like entan-
glement [7, 35] in the equilibrium state, although the created
entanglement or correlation is not strong enough to steer the
coherence of the state.
V. CONCLUSION
In this paper, we have considered two accelerated atoms
in a vacuum scalar field. We have shown that when the initial
separation between the two atoms is zero, the steering induced
coherence of the equilibrium state is non-zero and depending
on the acceleration between the atoms, it can be created or
destroyed like entanglement [7, 35]. But when the initial sep-
aration is finite and non-zero, the steering induced coherence
decays rapidly to zero. Moreover, it is important to mention
here that the boundary has no effect on steering induced co-
herence. Thus, from this point of view, we can conclude that
the steering induced coherence is nothing but a new measure
of quantum correlation.
We also studied the coherence steerability of the equilib-
rium state and showed that the state cannot be steered, even
when the steering induced coherence is non-zero. This phe-
nomena can be viewed from a different angle. Suppose, two
atoms are moved to two different gravitational fields from the
same position. Depending on the initial state of the atoms, the
steering induced coherence of the equilibrium state may in-
crease or decrease like entanglement depending on the grav-
itational acceleration. But, the equilibrium state cannot be
steered even when the initial state is fully entangled. Thus, we
can conclude that the quantum correlation or the entanglement
of the equilibrium state can never be strong enough, such that
the quantum coherence of a part of the equilibrium state can
be steered by the other. Gravity prohibits such non-locality.
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